This paper presents the control of an aerial manipulation system with a quadrotor and a 2-DOF robotic arm by using the computed torque control method. The kinematic and dynamic model of the system is obtained by modeling the quadrotor and the robotic arm as a unified system. Then, the equation of motion of the unified system is got in the form of a standard robot dynamics equation. For the trajectory control of the system, computed torque control is used. Gains of the controller are optimized by using nonlinear least squares method. The performance and stability of the control structure are tested with a simulation case study.
INTRODUCTION
Unmanned air vehicles (UAVs) have already got the attention of researchers from all around the world in recent years. There are lots of researches have been conducted. Especially, UAVs with rotary wing i.e. quadrotors are the most studied ones (Kotarski, Benic, and Krznar, 2016) , (Das, Lewis, Subbarao, 2009) , (Sadr, Moosavian, and Zarafshan, 2014) , and (Mahony, Kumar and Corke, 2012) . There are certain advantages of the quadrotors such as the ability of vertical take-off and landing, staying hover position, and capability of high agility and maneuverability. In daily life, they are used for surveillance, rescue, and filming.
These days, in order to increase capabilities of the quadrotors, like carrying, painting and welding operations, researches are conducted about aerial manipulation. To obtain manipulated air vehicles, a robotic arm is added to the bottom of these vehicles. Different degrees of freedom serial robotic manipulators that are attached to the UAVs are studied (Kim, Choi, and Kim, 2013) , (Caccavale, Giglio, Muscio and Pierri, 2014) , and (Jimenez-Cano, Martin, Heredia, Ollero and Cano, 2013) . Moreover, aerial manipulation with parallel manipulators is worked (Danko, Chaney and Oh, 2015) . For manipulation purposes, cable-suspended studies are also available (Goodarzi, Lee and Lee, 2014) , (Sreenath, Kumar, 2013) , and (Alothman, Guo and Gu, 2017) .
In literature, two main methods are followed to model the unified quadrotor manipulator system. The first approach is that kinematic and dynamic model of the quadrotor is created, then behaving robotic arm as a disturbance input to the quadrotor (Orsag, Korpela, Bogdan and Oh, 2013) and (Khalifa and Fanni, 2017) . In the second method, quadrotor and robotic arm are modeled as one system (Kim, Choi and Kim, 2013) and (Caccavale, Giglio, Muscio and Pierri, 2014) . For controlling the unified system different approaches have been developed. To deal with interaction forces between end-effector of the robotic arm and the environment, and disturbances, the compliance control strategy is used . Also, a robust control strategy is studied for the trajectory tracking control of the aerial manipulation without effecting from the unmodelled dynamics and uncertainties (Mello, Raffo and Adorno, 2016) . For the controller development, controller design stage can be divided into in terms of whether a single controller is designed or decoupled controllers are designed to control the overall system. For the unified system of robotic manipulator and quadrotor, decoupled dynamics are used to development of decoupled controller algorithms (Khalifa and Fanni, 2017) . It can be seen that single controller implementation is studied by exploiting coupled equations of motion of the unified system (Kim, Choi and Kim, 2013) . The other aspect of the controller design stage is whether a linear or nonlinear controller has proceeded for the stable system performance. A nonlinear model predictive controller is studied to regulate the overall system around optimized trajectories (Garimella and Kobilarov, 2015) . Also, by using the feedback linearized dynamics, linear controller (PID) implementations are available (Khalifa and Fanni, 2017) .
In this paper, Lagrange-D'Alembert formulation is used to obtain the equation of motion of the unified system in the form of standard robotics equations of motion. For controlling the unified system, computed torque control with PID outer loop is designed. For the gain optimization procedure, multi-objective nonlinear least square solver of Matlab Global Optimization Toolbox is used. The ITAE (The Integral of Time multiply Absolute Error) is selected as an objective function to minimize the error between the input and the output. For simulating more realistic scenario, experimentally identified quadrotor's dc motors' transfer function and second order torque filtering transfer function for the robotic arm is implemented in the system's simulation.
This paper is organized in 5 sections. Section 1 is the introduction to this paper. Section 2 includes details about the modeling of the unified system. Section 3 consists of controller design pattern. Simulation results are presented in section 4. Finally, the discussion and conclusion of this paper take part in section 5.
MODELLING

Kinematics
Some of the kinematic parameters of the unified system can be seen in Figure 1 . In this figure, 
O and e O are the origins of the reference frames of the inertial, quadrotor's body, link-1, link-2 and the end-effector of the robot arm, respectively. Orientation of the quadrotor is designated by the set of Euler angles that are roll, pitch and yaw angles,
. Their names are phi, theta, and psi in the Latin Alphabet. By using these angles, the transformation matrix from the quadrotor's bodyfixed reference frame to the earth-fixed reference frame can be written as follows, 
In Eq. (1), s and c are used in place of sin and cos . The table that consists of Denavit-Hartenberg parameters for the robotic arm can be given as below.
Where, k  is twist angle, k  is joint angle, and k b is the offset between the joints. 
Parameters
Link
Position of the center of the mass of the quadrotor, link-1 and link-2 of the robotic arm with respect to the inertial fixed reference frame can be written as follows,
In these equations, The matrix that defines the relationship between the angular velocity of the quadrotor and time derivative of the Euler angles, L .
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Then, the relation can be further written as by noticing that ( ) b q w is the angular velocity of the quadrotor in body fixed reference frame,
Also, further relations can be given as,
w is the angular velocity in the inertial fixed reference frame, and T maps the rate of change of the Euler angles into ( ) i q w . Overhead dot is used for the time derivative of the corresponding parameter. Jacobian matrix, J can be used to express the linear and angular velocities of the link-1 and link-2 in quadrotor's body fixed reference frame as,
Then, linear and angular velocities in the inertial fixed reference frame can be written as,
SSM is used for skew-symmetric operation. Generalized coordinates and velocities of the unified system can be defined as,
By using linear and angular velocity influence coefficients, V and Ŵ , respectively, and Eq. (19), the linear and angular velocities can be written further as (Ozgoren, 2017) , ( ) 3 3 3 50
Dynamics
Equation of motion of the unified system is obtained by using the following form of the Lagrange-D'Alembert formulation.
In Eq. (26), K is the total kinetic energy and U is the total potential energy of the unified system, and L is the Lagrange operator. Also, u and ext u are the generalized input force and interaction force between end-effector and the environment, respectively.
Kinetic and Potential Energies
The total kinetic energy of the overall system is the sum of the kinetic energies of the quadrotor body with mass b m , link-1 with mass 1 m , and link-2 with mass 2 m .
In the above equations, I is the constant inertia matrix in the corresponding body fixed reference frames.
Similarly, potential energies of each mass elements as follows,
In these equations, g is the gravity.
Equation of Motion
By plugging Eq. (31) and Eq. (27) into Eq. (26), following equation of motion of the unified system is obtained.
In above equation, M is the positive definite inertia matrix, Ĉ includes centripetal, Coriolis and gyroscopic terms, and gravity terms take part in matrixĜ . To calculate inertia matrix, following kinetic energy formulation is used (Siciliano, Sciavicco, Villani and Oriolo, 2009 ).
Inertia matrix can be further written by using Eq. (36) and from Eq. (20) to Eq. (25) as ( , ) 
Also, elements of the Ĉ can be calculated by using following relation (Siciliano, Sciavicco, Villani and Oriolo, 2009 ), 8 , , ,
Finally, the column matrix Ĝ is given as,
Generalized input force, u and interaction force that is applied on the tip point of the end-effector, ext u are obtained by using virtual work principle. Moreover, P is the column matrix of applied forces and moments on the end-effector's tip point.
 
Relationship between quadrotor's dc motors rotational speed and the generated force and torques by the quadrotor's motor are written in Eq. (46). Where T c and Q c are dc motor's thrust and drag coefficients. 
Where, z f is the sum of the total thrust generated by the quadrotor's rotors.
For the transfer function between commanded rotational speed of the quadrotor's dc motor and achieved rotational speed, following transfer function that is obtained by the Yıldız, 2015 is used. 
CONTROLLER DESIGN
To control the overall system, computed torque control with PID outer loop is designed. Control architecture of the unified system can be seen in Figure 2 . Following control input is selected to control the overall system while 0
Then, substituting this control law into Eq. (35), it follows that,
After this control input, complicated nonlinear controller design turns into a simpler design problem. Then, v can be selected as, Hence, the overall control input is written as,
Whereˆp K , ˆd K and ˆi K are the positive definite diagonal gain matrices.
Then, the resulting error dynamics can be written as,
According to linear system theory, convergence of the tracking error to zero is guaranteed (Siciliano and Khatib, 2008) . Note 1: d q  can be calculated numerically, but it causes derivative noises. In simulations it is assumed to be zero. Bu using Eq. (49) , to control the quadrotor's position following expression can be written. In this equation, subscripts are used to show the corresponding indices of the matrices. However, Eq. (54) requires the desired roll and pitch angles. In this stage, they are not available.
Quadrotor Position Control
(1:3,1:8) 1 2
( 1 : 3 , 1 : 8 )
To cope with this problem, following modified form of the inertia matrix is used. 
First three elements of the columns four and five are replaced by the zero. By this way, the requirement of the knowledge of the desired roll and pitch angles is eliminated. These elements of the inertia matrix are often negligible since robotic arm's links are much lighter than quadrotor's body (Arleo, Caccavale, Muscio and Pierri, 2013) .
Then, to compute desired roll and pitch angles, from Eq. (41) and Eq. (44) following relation can be written 
Eq. (41) and Eq. (60) give the torques of the vehicle as,
Note 2 : Quadrotor inputs that are angular speeds of the dc motors can be computed by benefiting from the Eq. (46), Eq. (44), Eq. (57) and Eq. (61).
Manipulator Joint Angles Control
From Eq. (49), 
Gain Optimization
Gains of the computed torque controller are optimized by using nonlinear least-squares solver of the MATLAB Global Optimization Toolbox. For the objective function, ITAE (The Integral of Time multiply Absolute Error) given in Eq. (64) is used. 
This is a multi-objective optimization problem since there are 8 trajectories that should be optimized at the same time.
To make the optimization faster, Simulink model of the overall system is transformed into executable model and then, gains are tuned for the minimum trajectory errors.
SIMULATION RESULTS
Proposed control algorithms are tested by simulation in Matlab/Simulink environment. Table 2 shows numerical values that are used in the simulation. Table 3 shows the simulated scenario parameters. From 0 to 9 seconds quadrotor positions x, y and z are commanded, and then, they are held constant through the simulation, other parameters are held as zero. Roll and pitch angles are the intermediate control inputs, and they are not directly controlled. From 10 to 19 seconds 15 degree and 10 degree joint angles are commanded to the robotic arm, and then they are commanded to stay in these angles. From 20 to 25 seconds interaction forces are applied to the tip point of the end-effector, and then they stay constant to the end of the simulation. Figure 3 shows the achieved quadrotor position in 3-D space and the error between the desired and the achieved position. Euler angles of the quadrotor and the error between the commanded and actual Euler angles are demonstrated in Figure 4 . Finally, the angular position of the robotic arm joints and the error between the desired and achieved joint angles are given in Figure 5 .
DISCUSSION AND CONCLUSION
In this paper, an aerial manipulation system consisting of a quadrotor and a robotic arm is studied. Equation of motion of the unified system is obtained in the form of equations of standard robotic systems. Then, the computed torque controller is designed for the trajectory tracking. Gains of the controller is optimized based on minimizing the error between the input and the output states of the robotic system. The designed controller is tested in the simulation environment with the highly nonlinear dynamic model of the system in addition to quadrotor's dc motors' transfer functions and torque filters of the robot arm's joints. From Figure 3 , quadrotor is commanded to come to desired positions in 9 seconds. Then, the robotic arm is moved from 10-19 seconds to the desired position. This movement does not affect the position of the quadrotor too much. However, from 20 to 25 seconds, interaction forces are applied from the starting from the zero value and continue to apply to the end of the simulation. As a result, positions of the quadrotor are affected by the interaction forces, but the controller shows a robust behavior and brings the quadrotor to its original position. While doing this, to balance the interaction forces, quadrotor tilts and has nonzero roll and pitch angles as seen from Figure 4 starting from time = 20 seconds. This is an expected behavior since quadrotor is an underactuated vehicle, and x and y positions are coupled with the pitch and roll angles, respectively. Angular positions of the robotic arm also disturbed by the interaction forces. However, due to the controller action, joint angles settle down to their original values.
Simulation studies shows that proposed controller can achieve good trajectory tracking performance for all states, simultaneously. Also, under the action of interaction forces, it can deal with these disturbances up to some points.
